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On the Absolute Classification of Quadratic Loci, and 
on their Intersections with each other and 
with Linear Loci. 

By William E. Story. 



By the absolute classification of loci I mean that classification which is not 
altered by any real linear transformation, and which is identical with the ordinary 
classification in so far as the latter is independent of all consideration of the 
nature of the infinite elements of the loci. Many of the results here obtained 
are well known, but I believe some of them are new, and the collection of the 
criteria in such a form that they can be applied to any real forms of the equa- 
tions of quadratic and linear loci will probably not be without a practical interest. 
The geometrical conditions are combinations of contact and real and imaginary 
intersection ; the corresponding algebraical criteria can be put into a form in 
which certain invariants or combinations of the coefficients of covariants are 
distinguished as zero or positive or negative. A part of this classification has 
been made in essence by Professor Sylvester in a communication to the Philo- 
sophical Magazine, in February, 1851, namely that part which relates to the 
contacts of two loci of the second order, but the form of the investigation is 
necessarily quite different from that here adopted, where a distinction has to be 
made between cases in which the relations as to reality as well as contact are 
different, and where the conditions are required explicitly in terms of the coeffi- 
cients of the equations of the loci. Homogeneous coordinates are employed 
throughout the paper ; it is assumed that real elements QDoints, lines and planes) 
have real coordinates, and that the equations of the loci have real coefficients. 
Bach locus is considered as belonging to a space of the smallest number of 
dimensions in which it can exist. 

I. The equation of a pair of points on a given straight line is 

TJ= ax 2 + 2Jixij + by 2 = , 
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and the discriminant of U is A = ah — h 2 = (ab) , say ; 
if (ab) >• 0, the points are conjugate imaginary, 
if (ab) <C , the points are real and distinct, 
if (ab) = , the points are real and coincident. 
II. The equations of a conic and a straight line in a given plane are 

U~ ax 2 + by 2 + cz 2 + 2fyz + 2gzx + 2hxy = , 

P = ax + fiy + yz = . 
The intersections of U and P satisfy the equation 

(ay 1 — 2gay + ca 2 )x 2 + 2(hy 2 —fay — g(3y + ca(3)xy + (by 2 — 2f/3y + c(3 2 )y 2 = 0, 
found by eliminating z between 17= and P= 0, the discriminant of which is 

a h g a 

ay 2 — 2gay + ca 2 , hy 2 — fay — gfiy + ca(3 

hy 2 -fay-g(3y + ca(3, by 2 — 2f(3y + c/3* 



= _y 



Abfp 

9 f c y 

a (3 y 



= — y 2 A P = — y 2 (aic) P , say ; hence, by I, 

if (a6c) P <C 0, Z7and P intersect in imaginary points, 

if (abc) P > , U and P intersect in distinct real points, 

if (abc) P = 0, ?7and P intersect in coincident real points. 

If y == o the above discriminant vanishes identically, but eliminating x or y 
instead of z, the discriminant of the resultant equation is — a 2 A P or — /? 2 A P , 
and the criteria are the same as those just given. 

A P = is in general the condition that P is tangent to U (i. e. is the tan- 
gential equation of U), but if U consists of two straight lines, A P = is the 
condition that P passes through the double point of U. 

III. The nature of the conic U, where 

U— ax 2 + by 2 + cz 2 + 2fyz + 2gzx + 2hxy , 
is found by considering its intersections with a real line rotating about a fixed 
point, namely : if the intersections are imaginary for all positions of the rotating 
line, U is an imaginary true conic ; if the intersections are imaginary for all 
positions but one, U consists of a pair of conjugate imaginary straight lines 
whose intersection lies on the rotating line in that one position ; if the intersec- 
tions are real for an infinite succession of positions, and imaginary for an infinite 
succession, U is a real true conic ; and if the intersections are real for all positions, 
U is either a real true conic or consists of a pair of real or imaginary straight 
lines. 
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A real cone is met by any edge of the tetrahedron in imaginary points, in 
distinct real points, or in coincident real points so that the edge is tangent to the 
cone or passes through the vertex, or the cone contains the edge as a generator ; 
the intersections with the revolving plane are of the species 5, 4, 6, 13, 11 or 
12, namely, of the species 12 for at most three edges meeting in one point. Now 
by a real linear transformation which does not alter the value of A, any tangent 
to the cone can be made an edge of the tetrahedron of reference, hence A = 0. 
Then the conditions are evidently 

(ahcd)=-0, either (a&)<0, or a(aZ>c)<0 and a(abd)<0, 
and either (cd)<0, or c(acd)<Q, and c(bcd) = 0. 

A pair of imaginary planes is met by any edge of the tetrahedron in two 
imaginary points, or in two coincident real points, or the edge lies entirely in 
the quadric (is the double line of the pair of planes), but only one edge can 
have the latter position ; the intersections with the revolving plane are of the 
species 9, 10 or 14, namely, of the species 9 for- at least one edge, and of the 
species 14 for at most one edge. The conditions are therefore 

(abed) = , (bed) = (acd) = (abd) = (abc) = , and either (ab) > 
or (oc)>0 or (ad)>0 or (be) >0 or (bd)>0 or (ccZ)>0. 

A pair of distinct real planes is met by any edge of the tetrahedron in two 
distinct real points, or in two coincident real points, or the edge lies in one or 
both of the planes of the pair, and at least one edge must have the first position 
and at most one edge can have the last position (coincident with the double line 
of the pair of planes) ; the intersections with the revolving plane are of the 
species 11, 12 or 14, namely, of the species 11 for at least one edge, and of the 
species 14 for at most one edge. By a real linear transformation which does not 
alter the value of A , the double line of the pair of planes can be made an edge 
of the tetrahedron, hence A = 0. The conditions are then 

(abed) = , (bed) = (acd) = (abd) = (abc) = , and either (ab) < 
or (ac)<0 or (ad)<0 or (5c)<0 or (bd)<_0 or (ed)<0. 

A pair of coincident real planes is met by any edge of the tetrahedron in 
two coincident real points ; the intersections with the revolving plane are of the 
species 14 for every edge. The conditions are therefore 

(abed) = , (bed) = (acd) = (abd) = (abc) = , 
(ab) = (ac) = (ad) = (be) = (bd) = (cd) = . 

The conditions here given for the different classes are mutually exclusive 
and therefore not only necessary but sufficient. They can be put into a somewhat 
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h > the upper sign must be given to /, and TJ= (ax + by + gzf, i. e. TJ 
consists of two coincident real lines; if a^O and h = 0, then b=f=0, 
and CTEEaa: 2 + 2gzx + cz 2 , where ac — g 2 = 0, i. e. TJ consists of two coinci- 
dent real lines ; similarly if a ^ and g = ; if a = , and either b ^ or 
c < , then g = h = 0, U= by 2 + 2/yz + eg 2 , where bc—/ 2 — 0, i. e. TJ still 
consists of two coincident real lines ; if a = b = c = 0, then /= g = ^ = 
and there is no conic. 
The criteria for the conic TJ are then the following : 

(ubc) > , a (abc) >• , (aft) >■ , Z7 is an imaginary true conic ; 
(abc) tj , and either a (a&c) "0 or (aft) < 0, U is a real true conic ; 
(abc) = , and either (be) >0 or (ac) >• or (aft) >• , J/" is a pair of imagi- 
nary lines ; 
(abc) = , and either (be) <C or (ac) <[ or (ab) <C , Z7 is a pair of distinct 

real lines ; 
(abc) = , and (be) = (ac) = (aft) = , J/" is a pair of coincident real lines. 

IV. If ZJand Fare two conies, where 

TJ= ax 2 + by* + ci + 2/yz + 2grza; + 2hxy . 
V=a'x i +b'y i +c<z*+2fyz + 2g'zx + 2h'xy, 

among the conies "X TJ -\- ixV=0 passing through the intersections of TJ and V 
are three pairs of lines for which %,:/x is determined by the equation A Am = 0, 
where 

%a + (ia', XIi + fih', "kg + fig 1 
M + (i7i', M + (iU, y+fif 
Xg + fig 1 , ty+(if, Xe + fic' 

if the intersections of TJ, V are all real, the three pairs of lines are real ; if two 
of the intersections of TJ, V are real and two imaginary, the lines of one pair 
are real and those of each of the two other pairs are non-conjugate imaginary ; 
if the intersections of TJ, V are all imaginary, the lines of one pair are real and 
those of each of the other pairs are conjugate imaginary. Hence if the four 
intersections of TJ, V are all real or all imaginary the three roots of A A/J = are 
real, but if £7 and Fhave two real and two imaginary intersections, one of the 
roots of A A/l =0 is real and two are (of course conjugate) imaginary. Putting 
then* B = 2 0' 2 4- 18AA00 — 27A 2 A' 2 — 4A0 3 — 4A'0 3 , 

* Salmon's Conic Sections, 'i 372. 
Vol. VI. 



A*= 
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A Af , = will have three distinct real roots if _R > , two imaginary roots and 
one real root if i2<0, and three real roots of which two at least are equal if 
B=0. 

If i2<C0, CTand Fhave two distinct real intersections and two imaginary 
intersections. 

If R > , TJ and V have four distinct real intersections or four distinct 
imaginary intersections, and it remains to distinguish between these two cases.* 
For then the roots of A A(i = are all real and distinct, and hence the reduction 
to the common polar triangle is real, i. e. by a real linear transformation £7" and 
V can be brought at once to the forms 

Now the intersections will be all imaginary if an imaginary conic whose equation 
is real can be found passing through these intersections, i.e. if "kU -\- {iV = 
represents an imaginary conic for any real values of A, p; by the criteria of III 
this will happen for any values of A, (z, if /la + /j.a', A/3 + n(3', "ky + py' have 
the same sign, i. e. if X, p, p, p, q, r can be determined as real quantities such 
that Aa + (to! = op\ A/3 + pp' = oq\ %y + (iy' = pr 2 , 

i. e. if real quantities p, q, r can be so determined that 

a a' p % 

P q* = (ft/ — (3'y) p* + (ya 1 — y'a) q 2 + (a/3' — a'/3) r 2 = , 

y y' I s 

which will be possible if ((3y' — fi'y), {ya! — y'a), (a/3' — a'/3) are not all of the 
same sign, and only then, i. e. TJ and V will have four real intersections if 
(Py 1 — P'y), (ya' — y'a), (a/3' — a'/3) are all of the same sign. Now let F be the 
quadratic covariant of TJ and V, i. e.f 

? = {BC'+B'C— 2FF')x 2 + (CA' + C'A-2GG')tf + (AB'+ A'B—2HH')z i 
+ 2(GH'+ G / H—AF'—A'F)yz + 2(HF'+H'F—BG J —B'G)zx 

+ 2 (FG> + F'G- GH'— C'H) xy, 
where A, B, G, F, G, H and A', B', G', F', G', W are the first minors of A 
and A', the discriminants of TJ and V respectively. This covariant formed for 
TJ and V is 

F = oo' (Py + yp') xl + Pp< (ya' + ay') y\ + yy> (a/3' + Pa!) % ) 
the roots of A A/X = formed for TJ, V, and for TJ , V are evidently the same, and 
if the coefficients a, /3, y, a', /3', y' are so taken in absolute value that the two 

* Salmon says they " have not been distinguished by any simple criterion." 
t Salmon's Conic Sections, 8378. 
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equations A^ = are not simply equivalent but identical, i. e. if the determinant 

of substitution is unity, then, as in Salmon's Geometry of Three Dimensions, 

§§ 215, 234, 

A = a/3y r A'=a'/3'/, U=U , 7= 7 , F = F , 

which gives the three equation for a? , y\, z 2 , 

axl + Pyl + y%=U, 

a'xt + (3'yl + y^=V, 

aa! (/3/ + yP') x\ + /3/3' (ya' + ay 1 ) y\ + yy> (a/3' + /3a') z 2 = F , 

from which follow 

U, (3, y 

x\:y\:zl = V, P' t y' : etc. 

F, /3/3'(ya' + a/), r /(a/3' + /3a') 

= (/3/ — y(3')(— a/8'/ ET— a'/3y 7 + F) : etc. 
= (/?/- y/y)(— J-A'l7— ^-A7+F): etc. 

I 



P' *s f 

= — V> — =— — > and 



. ^! a 
or, introducing the roots oi A A „ = 0, — = - — a 

fi a fh P f*a T 

putting 



-^A'U + 
k Pi 



1 A7+F=X, ^ A'U + ■-*- A7+F=F, ^A'U + 



AV+T = Z, 



/ 2 fh *s f*s 

we have x\:y\:zl = (py 1 - yp') X : {ya 1 — ay') Y: (a/3' - pa') Z, 

from which it is evident that (py'—yp'), (ya'—ay'), (a/3' — /3a') have respectively 
the signs of X, Y, Z, or their opposites, i. e. the intersections of U, V will be 
all four real if the three last mentioned quantities have the same signs, and only 
then. But X, Y, Z are real, since the roots of A^ — are real, hence they 
will have the same sign if their sum s x and product s 3 have the same sign and 
the sum of their binary products s 2 is positive. 

Let a x be the sum, a 3 the product, a 2 the sum of binary products of — > — » — 

th th Ps 

then we have, writing A^=A.^ 3 + e.tffi + 0. ty* + A '-i« 3 . 
A. a x = — 0, A.o- 2 = 0, A. 3 = — A', 



s 1 =^-A'.'U+a 1 A.V+2,T = — &.U 

-3<X, 



0.7+3F, 



s 2 = ^-A'\U* + 



1 ^ffj 



<T 3 3 <T 3 

+ 2(T 1 A.FF + 3F 



AA'. UV + <r 2 A 2 . 7 2 + 2 -?- A'. tf F 



A'0 . Z7 2 + -J- (00 — 3 AA') UV + A0. 7 2 — 20. U? — 20 . 7F + 3F 2 , 
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s 3 = — A' 3 . U 3 + J — ** AA 2 . TJ* V + - 2 ----- 1 - 8 A 2 A'. UV* + <r 3 A 3 . V 3 

+ fL a' 2 . Z7 2 F + 4" <Tl<Tii ~ 3<T3 AA. UVF + (T 2 A 2 . F 2 F + ~ A. *7F 2 

+ <TiA . 7F 2 + F 3 = — AA 2 . U 3 + (2A0' — 2 ) A. U 2 V 
+ (2 A. — 2 ) A . UV* — A 2 A. V 3 + A0. *7 2 F + 1 (00 — 3AA) . £7TF 
+ A0.F 2 F — 0.*7F 2 -0.FF 2 + F 3 , 
where* 

© = Ad + £&' + <7c' + 2 jy + 2 Gy + 227A', 
O 7 = ^'a + B'6 + G'c + 2J»/ + 2 G'# + 2.EPA . 
If then s^ > and s 2 > for all values of the variables, ?7and Fhave four 
distinct real intersections, otherwise they have four distinct imaginary intersec- 
tions. It may be remarked that we cannot have s x = if s 2 > , and s 3 = only 

for those values of the variables for which a; = , y = , or z = , i. e. for 
points on the sides of the common self-conjugate triangle. 

If R = , £7" and V have contact, *. e. two of their intersections are coin- 
cident. If the other two are distinct from each other and from the double inter- 
section, this is real and the distinct intersections may be real or conjugate 
imaginary ; in the former case the three pairs of lines are real and two of them 
coincide, in the latter case the lines of one pair are real and those of the other 
pairs (which coincide) conjugate imaginary. In either case A A|U . = has three 
real roots, two of which are coincident. These cases may be distinguished by a 
method similar to that employed above for B^-0, namely, Cand V cannot be 
put into the canonical form before used, but they can be brought by a real linear 
transformation into the formsf 

U = ax\ + Ptfo + 2/2 a*» , V = dx\ + fi'y\ + 2y'z x . 
The equation A A(1 = formed for U , V is 

/la + /t*a', , %y + py 1 

0= , Ifi + iip', 

■Ay + ny', , 

/! /! /! r 1 /! 8' 

i. e. if - 1 is the double and - '-- the single root, — = — — . — = — ~ • 

/h th !h T fh P 

The pairs of straight lines through the intersections are then 

(ya'— ay 1 ) x$ — (/?/ - y(3') $ = and (oc(3' - (3a') 4 - 2 (/?/ - y(3') z x = , 

and the former is the double pair. This double pair will be real or imaginary 

* Salmon's Conic Sections, <*370. tClebsch's Vorlesungen iiber Geometric, I, p. 137. 



= -(^ + ^')(^+^') 2 - 
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according as fty' — y/3' and yaJ — ay' are of like or unlike signs, i. e. the distinct 
intersections of U, V will be real or imaginary in these cases respectively. Now 
the co variant F formed for U , V is 

F,= - (a/v 2 + fa'Wrt-Wr'yl— 2yyW + yP)*o*o, 

and, if the determinant of substitution for passing from U, Fto U , V is unity, 

A = -/?y 2 , A'=-/3y a , 
ax\ + (3f + 2yz a; = £7, 
a'cc? + ^ + 2yVb= ^. 
- (a/3/ 2 + /a'/?') 4 - 2/?y/? y y - 2y/ (/?/ + y/?) 3 z = F , 

from which follows ( observing that here — = — ) , 

V ft ft/ 

X=Z=-^A'.U+^-A.V+F = ((3y'-y(S')(ya'—ay')xl, 

h ft 

Y=fA'.U+^A.V+F = ((3y-y^yf ; 
H ft 

hence F>0 and X=Z>0 or < according as ((}■/ — y/?') and (yaf — ay 1 ) have 
like or unlike signs, i. e. according as the distinct intersections of U and V are 
real or imaginary ; also, using s 1} s 2 , s 3 as above, 

s l =((3y'-y^')[2(ya'-ay')xl + ((3y'-y(3')7jl], 

s,= ({3y-y(jy(ya'-ay%(ya'-ay>)xt+2(py>-y(3')yt-]4, 
s s =(Py>~y(3'y(ya'-ayfxiyl, 
i. e. «!>(), s 2 >0, s 3 >0 for all real values of the variables if the distinct intersec- 
tions of U and V are real, and only then (s x = only for the point of contact, 
s 2 =0 only for a point on the double common tangent, and s 3 =0 only for a 
point on the double common tangent or on the common polar with respect to 
U and V of the intersection of that tangent with the common chord joining 
the distinct intersections); i. e. (noticing that s 3 >0 for all real values of the 
variables) if any set of real values of the variables exists for which either «x<C0 
or s 2 < , the distinct intersections of TJ and V are imaginary. 

If U and V have two distinct pairs of coincident intersections, i. e. if they 
have two distinct contacts, we may employ the canonical forms* 

U= (3y\ + 2a3 a: , V= j3'f + 2aVo ; 
then A = — a 2 /3 , A' = — a' 2 /?, A A/1 = — {Xa + [ia'f(^ + ^') , B =0 , 

— = — = . — = ~-> ap' — pa'^0, 

ft ft «ft p 

* Clebsch, Vorlesungen iiber Geometrie, I, p. 139. 
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and a'U — aV=\U+ (iiV= represents a double straight line (the chord of 
contact), while ($'U — @V=\ U+ /k 2 F= represents the tangents at the con- 
tacts, i. e. a pair of distinct straight lines, real or imaginary according as the two 
contacts are real or imaginary. Now in this case 

F = - 2aa' [/Wo + (<*/?' + /?<*') 3o*o] = — ™' (F & + P V) , 
and, using X= Z and Y as before, 

X=^-A'.U+^- A.V+F = aa'(P'U+ pV)-aa'((3'U+ (3V) = 0, 

Y=-^A'.U + -^-A.V + Y = (3a!\U+ a 2 /?'. V— aa!{P'U+pV) 
*2 ft 

= (a(3'—(3a')(a'U—aV) = — (a/3' — /?a') 2 ^, 
s x =2X + Y=Y, s,= X i +2XY=0, s 3 = X 2 F=0; 
so that for all values of the variables s x = F< . The double root of 

a a „ = a. a, 8 + e.xv + &. V + A V = ° 

is given by A. — __ 2(3i'<9— ff 2 ) __ _ fa/f — 69 

ft ~ 9 J A' — 69 ~ 2(SJ9 — 9 s )' 

so that _£_ _ 3 J 6— 6* 

ft —2.A9—& 1 ' 

and the distinct root is given by 

A — — ^ — _ J '( SJ6 '— &i ) 
7^7 ~~ 4? ~~ 1(sj6— &*) ' 

and therefore the contacts will be real or imaginary according as 
A' (SA& — &)U—A (3 A'0 — 0' 2 ) V = 

represents a pair of real or imaginary straight lines, 4. e., by the criteria obtained 

in III, according as those of the three quantities 
L=J' 2 {3J9— fffA — J J' (3 d 9— 9)(3J' 6 — 9\bd + cb' — 2ff) + J 2 (3 J 6 — tf^M', 
if = zF(3J0'— 9fB—JJ'(5J9— 9){ZA'6— 9 i )(ca!+ ad— 2gg')+ J i (3J'6—9 i fB', 
N=J n (3J9—6 i YC—JJ'(3J9—9){3J6—9*)(ab'+ba'—2hh')+J i (3J6—9 2 fC' 

which do not vanish are negative or positive (namely, we have proved above 

that such of them as do not vanish are of the same sign, and evidently they 

will all vanish only when the tangents at the contacts coincide, i. e. when U and 

V have four-point contact). 

If three of the intersections of U and V coincide, *. e. if U and V have 

three-point contact, the three roots of A A/t = are equal, *'. e. 

9 ~ 6 ~ 3 a ~ V ' -j — lh ~ y g ~ y 3 
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(and of course R = 0), and X 1 U+ii 1 V=0, i. e. VAU— ^AV=0, where the 
real cube roots are to be taken, represents a pair of lines consisting of the 
common tangent at the triple intersection and the line joining this point with 
the isolated intersection. The equation of these lines may be written in either 
of the forms 3A'U—& 7=0, &U— 67=0 or ©U— 3AF=0, but either of 
these forms becomes illusory in some case (namely, the first two if A' = , and 
the last two if A = , for then = and & = 0) , but the form above used is 
always definite. In this case the canonical forms 

U=Pyl + 2yz x , V= p(3yl + 2pyz x + 2a'a; y 
may be employed ; then 

A=-{3y\ A> = - P *(3y\ <V = - /¥ (* + wf, ~=~?^ 
T = f [a' 2 x\ — ,2p 2 /? 2 y\ — 4p 2 /?yz x — 2p(3a'x y ] 

= y»[a'»a$-p|3(p?7+7)], 
X=Y=Z= 9 j3f(oU+ V) + V = y*a n x\, 
Si=3y 2 a /2 4, .«,= 3y 4 a' 4 a$, s 3 = y s a' s xl 
i. e. «!>0, « 2 >0, s 3 >0. 

If all four intersections of II and V coincide, i. e. if U and V have four- 
point contact, the three roots of A A)J = are equal, i. e. 

(and of course B = 0), and s/AU — <v / AT 7 = represents double the tangent 
at the quadruple intersection, i. e. by III, 



V A" A — v*M' (6c' + cV — 2/f) + VA l A' = , 



V A'lB — V AA (ca'+ ad — 2gg') + s/ A*B' = , 
VAPC— \/~AA (ab'+ bo!— 2hh') + V&0' = 0. 

Convenient canonical forms of U and V are* 

U= ax\ + /fy 2 , + 2yx y + 2& x , V= oax\ + a (J3y\ + 2yx y + 2h 9 x ) ; 

then 

A = -/?o 2 , A=-o*ph\ A*= — P&(7i. + pay, -^= — a, 

F = — <t/?5 2 [(p + a) axl + 2<T/?3/g + 4abz Q x + 4<ry»byJ 

= — (T/3o 2 (aZ7+I r ), 
X=Y=Z=a(38 i {aU+ F) + F = 0, 

«! = 0, * 2 = 0, S 3 = 0. 

* Clebsch, Geometrie, p. 141. 
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If U and V have a straight line in common, the conic ^U-\-(iV contains 
this line, whatever the values of /I, (i; hence A Am E=0, i. e. 

A = 0, = 0, e' = o, A'=0. 

If the second lines of U and V are distinct from each other and from the 
first line, and the double points are also distinct, we may write 

U=2(3x y , 7=2yVb. T = ?y»u>, 
i. e. F>0 for all real values of the variables. 

If the second lines of U and V are distinct from each other and from the 
first line, but the double points coincident, we may write 

U=2(3x y , V=a'4+2(3'x y , F = 0, 
but, since the lines of each pair are distinct and real, either J.<C0 or J5<C0 or 
C< , and either A'< or B'< or C'< . 

If the second line of U coincides with the line common to U and V, we 
may write U=axl, V=2@'x 9 y <s , F = 0, 

and then A = B = G = , and either A'< or B'< or 0"< . 

Finally, if £7" and Fare identical, 

a ~ * b c / g h 
Collecting these results, the criteria for the intersections of the two conies 
U and V are as follows : 

1. B<i0; two real and distinct and two conjugate imaginary intersections. 

2. R~^>0, s 2 >-0, SiSj^O; four distinct real intersections. 

3. R~^>0, but not at once, s 2 >0 and SjSg^O; four distinct imaginary inter- 
sections. 

3J' & 6 
R = 0, butnot-^- = -^-=^- 

4. s x > 0, s 2 >0 [s 3 >0] ; two coincident real and two distinct real intersections. 

5. Not at once s^O and s 2 >0, nor s 2 = 0, [s 3 >0] ; two coincident real and 
two distinct imaginary intersections. 

6. s x <0, s 2 =0[s 3 =0], and either Z<0 orilf<0 oriV<0; two distinct 
pairs of coincident real intersections. 

7. Si<0, s 2 =0[s 3 =0], and either Z>0 or M^>0 or N>0; two distinct 
conjugate pairs of coincident imaginary intersections. 

-^- = 4 = -^-, but not A = = 0' = A' = O. 

8. «!>0 [s 2 >0, s 3 >0] ; three coincident and one isolated intersections, all real. 

9. s^Ol&jzEO, s 3 =0]; four coincident real intersections. 
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A = 0=0' = A=O, but not —= — =-- = V = — = r- 

a 6 c / <? A 

10. F>0; straight line common, second line of each pair distinct from the 
other and from the common line, double points distinct. 

11. F = 0, either ii<0 or J B<0or C<0, either J.'< or B'< or C"<0; 
straight line common, second line of each pair distinct from the other and from 
the common line, double points coincident. 

12. F = 0, A=B = (7=0, either A'<0 or £'<0 or C'<0; 
orF = 0, A' = B=G'=0, either A<0 or B<0 or C<0; 

straight line common which is a double line of one pair and single line of the 

other pair. 

10 a 1 b> d f (j h! . ., x 

13. — = — = — =: — ■=.'— =— -• conies coincident. 

a b c f g h 

The conditions enclosed in brackets are superfluous. 

3J' & 6 
The cases for which R = but not —=r ■=—■=.-—-. can be distinguished from 

each other also without the use of s lt s it s 3 . In these cases A Xm = has a double 

root — and a single root — • For these roots we have 
ft A 

^ _ 2@J_6 — &*) _ 9 J J'— d& 4__SJ , J>—6'^ 

ft~ QJJ'—dd 1 ~ 2{2>d6>— &)' J4~ ~ZJ&=W ' 

A— _ J & — A&A9— A*) 
//., — J If ~" A(ZA'd—8 a ) ' 

and /L 1 £/'+ ^^=0 may be written 

(9AA' — 00) *7— 2(3A0' — 2 )F=O or 2(3A'0 — & % )U — (9AA — 00')F=O, 

the nature of which is determined by the principal first minors of its determinant, 

which are, by virtue of the equation R = 0, 

2(3A0 — 2 )/, 2 (3 A©' — 2 )J, 2(3A0 — Q % )K 

or 2(3A'0 — 0' 2 )i", 2(3A'0 — 0' 2 )J, 2(3A'0-0 ,2 )iT, 

where 

1= 2 (3A — & 2 )A — (9 AA — e&)(bcf + cV — 2/f) + 2 (3A0 — &)A', 

J= 2 (3A - & 2 )B — (9 AA - ee'){ca' + ad — 2/f) + 2 (3A0 — &)B', 

K= 2 (3A0 — 2 ) C— (9 AA — ®<&)(ab' + 6a' — 2hh!) + 2 (3 A0 — &}C; 

namely, the first form of the principal minors must be employed if A = 0' = , 

the second if A = = , but otherwise either. 

The criteria for cases 4-7 may then be stated thus : 

4. Some one of the quantities /, /, K has the same sign as 3A0 — 2 or 

3A'0 — 2 . 

Vol. VI. 
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5 Some one of the quantities I, J, K has a different sign from 3 A@' — <r> % 
or 3A'6 — <&\ 

6. /= J= K= and either L < or M < or N< 0. 

7. 1= J= K= and either L > or M> or iV> . 

In all of these criteria a vanishing quantity is regarded as having no sign. 

mu .- r. 3J' 9 6 , t A a! V c' /' g 1 h' 

Ihe cases in which — a T = —^ = -=- -. but not — = -=- = — = --r- = — = ■-- 

6^ 6* 3J a b e f g h 

may also be distinguished thus : 

8. Fnot=0; 9. F = 0: 

Or again by the nature of \^A'U — ^A7=0, i. e. whether it consists 
of two distinct or two coincident lines, i. e. if 

T — s/~A % A — 2 V AN (be' + cb' - 2ff) + 4/ A 2 ^', 
J' = V A 7 " 2 5—2 v' AA T (ca' + a^ — 2^') + V A 2 5', 
JT = # A 2 (7—2 ^ AA (oV + ba' — 2hh!) + V A 2 (7', 
then the criteria are : 

8. /'<0 or J'<0 or JT'<0; 

9. I' = J'= K'=0. 

V. The nature of the intersection of a quadric surface U and a straight 
line given as the intersections of two planes P and P, where 

U== an? + by 2 + cz 2 + du? + 2/yz + 2gzx + 27ia;«/ + 2lxw + 2myw + 2«zw , 

P = ace + /%/ + yz + &*>, P = a'x + /0'y + y'z + h'z, 
is determined by the nature of the roots of the quadratic obtained by eliminating 
two of the variables from the equations £7=0, P = 0, P' = 0, but a more 
symmetrical method may be employed. Let x lt y lt z lt w x and x it y % , %, w 2 
be the coordinates of any two different points on the line P = , P = , then 
the coordinates of any point of this line will be 

GXi + rxz, <yy 1 -\-ry 2 , az^ + tZi, aw-^ + rw^, 
and for the intersections of the line with the quadric , 

o 2 U u + 2o<rU 12 +<z*Un = 0, 
where U n and JJ n are the results of substituting in U the coordinates x x , y x , z x , % 
and x 2 , 2/ 2 , z%, w 2 respectively, and 

TT ._ i / du t , du,, du t , du,\ 
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x ' 2 ^ + ^ + 22 ^ +W2 a^> 



on their Intersections with each other and with Linear Loci. 



235 



The nature of the intersections, as is evident from I., depends upon the value of 
Un Um — Ufa, which contains the coordinates only in determinants of the second 
order ; writing for convenience 

yx z 2 —y%^\ — (yi %) , etc., /?/ — py = <jfy) , etc., 
we have* 

(yigjj) _ (gigg) _ K2fe) _ (fVjfg) _ (yi w ») _ ( 2 i w a) 
(ad') ~ (pd') ~ (r§') - W) ( r af) («/?') 

= p , say, where p is a non-evanescent real quantity. Now 

aoi, aoi, a»i , 3Di soi , 3&i , s^i 



UuU„—Uh=i 



x i AT + VIJZT + 2 iaT+ w iPU ' ^^r+2/2^7+2 2 ^+^ 



3*1 +2/2 9* 



30i , 30i , dU t , dU 2 



^"^ 



3*2 



3% 



aoi , 3^2 , 3^2 , 

dx 2 »' dy% dz-i 



3^2 



3(Di, ^2) , ,„ _ N 3(^, C4) + ,^ 3(Q-» fi) + u ^ d(U u U % ) 



=*m^^+(-)^^+(-.)^S'+(-^: 



>3(Di, oy ■ / x3(0i.^ih 



where 



, etc. 



1. e. 



t d(Ux, U*)_ 



d(yi, w 2 ) 6(21, w 2 ) 

3^! 3^1 
3(^1, %) __ ayx' 3% 
3(2/1,^) 3*7, t 3^ 

3j/2 '. 3«2 

Aa?! + by x + /^ + mwj , gxy + /y 1 + cz 1 + ra^ 
&r 2 + by 2 + A + Wj , gx 2 +fy 2 + &% + nw 2 



d(y u 22) 
= (be —f)(y x %) + (fg — cfyfax,) + (/A — bg)(xiy t ) + (&» — gm^w,) 

+ (ftn -/m)(«/i^) + (/« — cm)(z 1 w 2 ) 
= p [(fa -/ 2 )K) + (A - ch)(P#) + (/A - 6fir)(yy) + (hn - gm)W) 

+ (bn -fm)(ya') + (/ft - cw)(a^)] 
^ a a' 

/ c y y 1 
m n h h' 

and substituting the values of (y x 2 2 ), etc., and | "oy^ — r - ' ete -> we find 



0iifr»-0S=p 8 [H) 



, etc. 



h g a a' 




f c y y' 


- G^O 


rn n & &' 





a 


g a a' 


A 


fPP 





c y y' 


Z 


n 6' 



* Salmon's Geometry of Three Dimensions, §51. 
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+ <yV) 



a h a a' 




h b (3 (3> 

9 f 7 7' 
I m 8 8' 


+ (/V) 



a I a a' 




h m (3 (3' 

9 n 7 7' 
I d 8 8' 


+ W) 



h I a a 1 

b m (3 (3' 

f n y y 

m d 8 8' 



+ (a0O 



9 I 
f m 


a a' 

13/3' 


c n 
n d 


7 7' 

8 8' 



]=p'A 



pp,, where A PP , 



(abcd) P p, = 



a h g I a a! 

h b f m (3 (3' 

g f c n y y 1 

I m n d 8 8' 

a (3 y 

a! (3' </ 8' 



i. e. A, the determinant of U, bordered by the coefficients of P and P; so that 
&u ^22 — U^ and A PP , hav'e always the same sign when not evanescent, and vanish 
together. 

The intersections of U and the line PP' are then real and distinct, real and 

coincident, or conjugate imaginary according as A PP ,<, = , or > 0. 

The condition that the line PP touches U is then & PP , = 0.* 

VI. The nature of the intersection of a quadric surface U with a plane P, 

defined as in V., can be determined by eliminating one variable and examining the 

nature of the conic represented by the resultant. Eliminating w the resultant is 

(a8 2 — 2la8 + da") x 2 + (b8 2 - 2rn(38 + d(3 2 ) y 2 + (c8* — 2ny8 + dy 2 ) z 2 
+ 2(/8 2 — my 8 — n(38 + d(3y)yz + 2 (go 2 — ly8 — na8 + day) zx 
+ 2(h8 2 —l(38 — ma8 + da(3)xy = 0, 

the determinant of which is 

a8 2 — 2la8 + da 2 , h8 2 — 1(38 — ma8 + da(3 , g8 2 — Vy8 — na8 + day 

h8 2 —l(38 — ma8 + da(3, b8 2 — 2m(38 + d(? , f8 2 —my8 — n(38 + d(3y 

g8 2 — ly8 — na8 + day , /8 2 — my8 — n(38 + d(3y , c8 2 — 2ny8 + dy 2 
= -^A P , 
where a h g I a 

h b f m (3 
g f c n y 
I m n d 8 
a (3 y 8 



A P = (abcd) P = 



'Salmon's Geometry of Three Dimensions, §80. 
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[namely any determinant with the suffix P is bordered by the coefficients of P] ; 
the principal first minors are — 8 % (bcd) P , — 8 2 (acd) P , — ^ 2 (abd) P , where 



(bcd) P = 



b 


f m 


f 


c n y 


m 


n d 8 


P 


y 8 



(aed)j 



(abd) P = 



a h I a 
h b m ft 
I m d 8 
a (3 8 
and the principal constituents are — (<td) P , — (bd) P , — (cd) P , where 



a g I a 

g c n y 

I n d 8 

a y 8 







(ad) P = 



a I 


a 


I d 


8 


a 8 






(bd) p = 



b 


m 


P 


m 


d 


8 


P 


8 






(cd) P = 



c 


n 


7 


n 


d 


8 


7 


8 






(abc) P = 



(bc) P = 



b 


f p 


f 


c y 


p 


y 



(ac) P = 



a g a 




aha 


gey 


i {ab) P = 


h b fj 


a y 




a p 



The results of eliminating x, y, or z, instead of w, from U= and P= 

are evident from the above ; then by III., if we introduce also 

a h g a 

h b f P 

9 f c y 

a P y 

the intersection of P with U will be : 

an imaginary true conic, if (ab) P (abcd) P > and (abc) P < ; 
a real true conic, if (ab) P (abcd) P < or (abc) P = 0, but (abcd) P ^0 ; 
a pair of conjugate imaginary lines, if (abcd) P = and either (bcd) P <C or 

(acd) P <0 or (abd) P < or (abc) P <C ; 
a pair of distinct real lines, if (abcd) P = and either (bcd) P > or (acd) P >0or 

(abd) P >0or (abc) P > ; 
a pair of coincident real lines, if (abcd) P = , and (bcd) P = (acd) P = (abd) P 

= (abc) P = . 

The condition that P touches Uis then (abcd) P =0.* 

If (ab) P A P >■ and (abc) P < 0, then also (ac) P A P >• 0, (ad) P A P > 0, 
(6c)j,A P >0, (6d) p Ap>'0, (c^) P Ap>0, (6c^) P <0, (acd) P <0, and (a6cZ) P <0; 
and if A P = , then those of the determinants (bcd) P , (acd) P , (a6c?) P , and (abc) P , 
which do not vanish have the same sign. 

VII. The nature of a quadric U is determined by a method analogous to 
that of III., i. e. by considering the nature of the intersections of U with the 
planes 

x + pw = 0, y + pw = , 2 + pw = 0, y + pz = , a; + p2 = 0, « + p?/=0 
for all real values of p. Namely, in order to avoid the consequences of a special 



* Salmon 's Geometry of Three Dimensions, \ 79. 
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relation of U to the tetrahedron of reference, it is necessary to consider the 

intersections of at least five of these pencils of planes. The results for all these 

pencils can be obtained from those for any one by an interchange of letters. Let 

U= ax 2 + by 2 + cz 2 + dm? -+- 2fyz -f- 2gzx + 2hxy + 2lxw + 2myw + 2nzw , 



A =■ (abed) = 



a h 


9 I 


h b 


f m 


9/ 


c n 


I m 


n d 



A = (bed) = 



b 


f 


m 


f 


c 


n 


m 


n 


d 



B = (acd) = 



a 


9 


I 


9 


c 


n 


I 


n 


d 



C=(abd) = 



a h I 
h b m 
I m d 



F— 



(ad) = 



a I 
I d 



(bd) = 



b <m 
m d 



a h I 

9 f n 

I m d 

(cd) = 



L = 



h b f 

9 f G 

I m n 



D — (abc) = 



, etc., 



a 


h g 


h 


h f 


9 


f o 



c n 
n d 



(bc) = 



bf 



(ac) — 



ag 
9 C 



(o6)= 



ah 
hb 



The nature of the intersection of U with the plane x + ow is determined by 
the criteria of VI. We have here 
P = x + ow , (abcd) P = — ( A + 2pL + p 2 D) , (bcd) P = — p 2 (be) , (abc) P =■ — (be) , 

— (acd) P = (cd) + 2p (gn — el) + p 2 (ac) , 

— (abd) P = (bd) + 2p (hm — bl) + o\ab) , (ab) P = —b. 

1. The intersection with every real plane x + pw is then an imaginary true 
conic if b (A + 2pL + p 2 Z>) > for every real value of p and (be) > . Then 
AD — 1} = (be) A >■ , so that neither A nor D vanishes, and bD >• . The 
conditions are therefore 

(abcd)>0, Z>(a6c)>0, (be) >0. 

2. The intersection is an imaginary true conic for every real plane x + pw 
but one, and a pair of imaginary lines for this one, if b(A + 2pZ + p 2 Z))>0 for 
every real value of p and (be) > . Then AD — D = (be) A = , but neither 
A nor D vanishes, and bD^>0. The conditions are therefore 

(abcd)=0, 6(a6c)>0, (be) >0. 

3. The intersection is a real true conic for every real plane x + pw if 
b (A + 2pZ + p 2 D) < for every real value of p or (be) ~ , but not A + 2pL 
+ p 2 2> = for any real value of p . Then AD — X 2 = (be) A ^> , so that neither 
A nor D vanishes ; also, if b ( A + 2pL + p 2 Z>) = , then bD<0. There are two 
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possible sets of conditions : 

either {abed) > , b (abc) ^ , (be) > , 

or (abed) < , be < . 

4. The intersection is a real true conic for every real plane x + pw> but one, 
say P l = x + piw , and a pair of distinct real lines for this one, if A + 2pZ + p 2 Z) = 
only for p = p x , and either 6(4 + 2pL + p 2 D)^0 for every real value of p and 
(be) = and either — (abd) Pi < or — (acd) Pi < , or (be) < . Then AD — D 

— (be) A = . If (be) = it is found that g l = — 4-=— i = C ?~^ > whence* 

- {oh -fgf(acd) Px = (eh -fgf [(cd) + 2 pi (^n - el) + pf(ac)] = - c 2 A, 

- (ch-/gf(abd) Pi = (cA -/c?) 2 [(M) + 2 pi (Am — W) + p?(«&)] = - Z> 2 A, 
thus A>0;f also, since b(A + 2pX + p 2 Z>)^0, &4 = and 6D = 0, but not at 
once, J. = Z> = , since J. + 2pX + p 2 D = only for p = p x . There are two 
possible sets of conditions : either 

(abed) > , b (abc) < , & (&cc£) = , but not at once (abc) = (bed) = , (be) = ; 
or (abed) = , (be) < , but not at once (abc) = (bed) = . 

5. The intersection is a real true conic for every real plane x + pw but one, 
say Pj = x + pjW , and a pair of imaginary lines for this one, if A + 2pX + p 2 D = 
only for p= p 1( and either 6 (J. + 2pZ + p 2 Z>) = for every real value of p and 
(be) = and either — (abd) Pi > or — (acd) Pi > , or (be) > . Then AD — L % 

= (bc) A= 0. If (bc) = 0, we have, as in 4, pj =-y — j- > — (cA — fg)\acd) Pi 

= — c 2 A, — (eh — fgf'(abd) Pi = — & 2 A, .'. A<0;J also, as in 4, &J.^0 and 
bD^O, but not at once J. = Z> = 0. There are two sets of conditions: either 

(abed) <C , 6 (a&c) < , & (&cd) < , but not at once (abc) = (bed) = , (be) =■ , 
or (abed) = 0,b (abc) < , b (bed) < , but not at once (abc) = (bed) = , (6c) > . 

* The cases in which (6c) = and either c = 0, or 6 = 0, or c^O and eh —fg = require special 
consideration, but they lead to the same conditions as the general case. 

If c = 0, then /=0, Pi = j, {acd) Pi = 0, — (oM) Pi = —-$,-, .'. A>0, A = -bri>, D = — bg\ 
bA = — Vn\ bD=-Wg\ 

If 6 = 0, we have conditions analogous to those for c = . 

If c^0 and eft — fg=0, then& = ^-, ft = ^p, p l = oo , (o6) = £ (ao) , — (a6d) Pj and — (acd) p are 

of the same sign as (<w), .-. (ac)<0, A = — { -^-{fn — cm) 5 > 0, 4 = — -j- (/» — cm) 2 , Z> = 0, 

&a = —£ (/«, — cm) 2 <0. 

t It cannot be that 6 = c = , for then A = D = , which is excluded by the next line. 
JSee also the first footnote to 4. 
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6. The intersection is a real true conic for every real plane x + pw but one, 
say Pj=x + pi«>, and a pair of coincident real lines for this one, if A + 2pZ 
+ p 2 D = only for p = p 1 , and b(A + 2pZ -f- p 2 Z)) = for every real value of p, 

(be) = , («%, = (acd),, = . Then AD — L 2 = (be) A = , p t = ^-£>- - 

— (c/* — fg) 2 (acd) P = — c»A, ~(eh—/g) 2 (abd) Pi = — b 2 A, .: A=0;* also ft-A^O 
and bD = Q, but not at once .4 = Z> = . The conditions are 
(abed) = 0, b (abc) = , Z> (ftccZ) = , but not at once (a&c) = (ftccZ) = , (Z*c) = . 

7. The intersection is a real true conic for every real plane x + pw but two 
if A + 2pL + p 2 D = for two real values of p, and either b (A + 2pZ + p 2 Z>) ^ 
for every real value of p or (be) < 0. Then AD — L 2 = (be) A < 0, and hence 
(be) § . Since A + 2pZ + p 2 D changes sign for real values of p , b ( A + 2pZ 
+ p 2 D) < only if ft = , but then (be) < . The conditions are therefore 

(a&cd) > , {be) < . 

8. The intersection is an imaginary true conic for an infinite succession of 
real planes x-\-pw, a real true conic for an infinite succession of real planes 
x + pw , and a pair of imaginary straight lines for each of the two real planes 
which separate these successions, if AD — L 2 = (be) A < and (be) >• , i. e. if 

(abcd)<C0, (6c) >0. 

9. The intersection is a pair of imaginary lines for every real plane x-\- pw 
if A = L = D = and either (be) >• 0, or (be) = 0, — (acd) P = and — (abd) P =0 
for every real value of p, but not at once (abd) P = (acd) P = 0. Hence, if 
(be) = , (ae)(cd) — (yn — cl) 2 = cB^0 and (ab) (bd) — (hm — blf=bC=0, 
(ab) >0or (ac) >0 or (bd) >■ or (cd) > , together with such other conditions 
as shall ensure the inequality of the values of p for which (abd) P and (acd) P 
vanish, if the latter are both perfect squares, i. e. neither of them can be a finite 
(or vanishing) multiple of the other if bC = cB = 0. Now if (be) = and 

A = D = 0, we have, if c<0, b= £-, A = — - (cm — fnf, D=— 1 (ch — fgf, 

G C G 

fn fa p P p 

.-. m ■=-■-> /* = ---, (ab)=- Y (ac), (bd) = ^(cd), hm — bl 2 =-- i (gn — cl), 

G G c cr c 

p 
(abd) P = 2 (acd) P ; if c = , we have /= , A = — bn 2 , D= — bg 2 , .'. g = n = 

(since b = c=Q makes (ab)<0, (ac) = 0, (bd) = 0, (cd)^0), (ac)=-(cd) = 0, 
</ft — cZ = , (acd) P = ; in each of these cases one of the quantities (abd) P and 
(acd) P is a finite (or vanishing) multiple of the other, therefore we cannot have at 

*See also the first footnote to 4. 



on their Intersections with each other and with Linear Loci. 241 

once bC—cB = Q, but must have either 6(7>-0 or cB^>0. If either of the 
above sets of conditions are satisfied it will be found that A = 0; also, if A = D 
— and either A = or (be) = , then Z = . The conditions for this species 
of intersection are then 

either (abed) — , (abc) = (bed) = , (be) > ; 

or (abed) = , (abc) = (bed) = 0,b (abd) > or c (aed) > , (be) = , 

(ab) > or (ac) > or (bd) > or (cd) > 0. 

10. The intersection is a pair of imaginary lines for every real plane x + ow 
but one, and a pair of coincident real lines for that one, if A = D = L = 0, 
(&c) = 0, — (acd) P yO and — (abd) P >Q for every real value of p, namely (abd) P 
= (acd)p= for one and only one real value of p. Then, as is evident from the 
treatment of the preceding case, the conditions for this species of intersection are 

(abed) = , (abc) = (bed) = , b (abd) = c(acd) = , (be) = , (ab) > or 
(ac) > or (bd) > or (cd) > . 

11. The intersection is a pair of distinct real lines for every real plane 
x-\-pw, if J. = D = Z = and either (be) <0, or (bc)=.0 and — (abd) P <0 
and — (acd) P <0 for every real value of p, but not at once (abd) P =(acd) P =-0. 
If (be) = , the conditions are the same as in 9, excepting that here (ab) <C 
or (ac) •< or (bd) <C or (cd) < , and hence 6 = c=/=0 is possible ; if then 
b = c =/= , — (acd) P = — (n — pgf, — (abd) P = — (m — phf, and we must 
have gm — hn'^0, but we also have A=(gm — hnf, hence A >0. The con- 
ditions for this species of intersection are then 

either (abed) = , (abc) = (bed) = , (be) < ; 

or (abed) = 0, (abc) = (bed) = 0,6 (abd) > or c(acd) > 0, (be) = 0, 

(ab) < or (ac) < or (bd) < or (cd) < ; 
or (abcd)>0, (abc) = (bed) = , (be) = 0. 

12. The intersection is a pair of distinct real lines for every real plane x -\- ow 
but one, and a pair of coincident real lines for that one, if A = D =L = 0, 
(fee) = 0, — (abd)p<0 and — (acd) P <0 for every real value of p, namely (abd) P 
= (acd) P = for one and only one real value of p. The conditions are then 

(abed) = , (abc) = (bed) = , b (abd) = c (acd) = , (be) = , (ab) < or 
(ac) < or (bd) < or (cd) < . 

13. The intersection is a pair of imaginary lines for an infinite succession 
of real planes x-\-pw, a pair of distinct real lines for an infinite succession of 
real planes x-\-pw, and a pair of coincident real lines for each of the two real 

Vol. VI. 
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planes which separate these successions, if A = D = L = , (be) = 0, .bC <^0 or 
ci? <C0. Then, as in 9, since b and c cannot both vanish, A = 0. Hence the 
conditions are 

(abcd) = 0, (abc) = (bcd) = 0, b(abd)<<0 or c (acd) <.Q, (6c) = 0. 
14. The intersection is a pair of coincident real lines for every real plane 
x + ow, if A = D = L = 0, (be) = 0, b(abd) = c(acd) = 0, (ab) = (ac) = (bd) 
= (cd) = . Then A = , and the conditions are 

(abed) = , (abc) = (6c<2) = 0,6 (aM) = c (acrf) = , (be) = , (ab) = (ac) 
= (bd) = (cd) = 0. 

These results tabulated are : 



(abed) 


(6c) 


b (abc) 
b (bed) 


(ube) 
(bed) 


b(abd) 
c (acd) 


(ab) , (ac) 
(bd) , (cd) 


Species 


>o 


>o 


either > 








1 


either ~p 








3 

7 


<o 










= 




either o 






4 

11 

8 


both = 






<o 


>o 










<0 










3 
5 
2 
5 
9 


= 










= 


>o 


either > 






either ~ 


either ^ 
both = 












<o 




either C^ 






4 


both =: 






11 


= 




either S 






6 


both = 


either > 


either > 
either < 


9 


11 


either < 




13 


both = 


either > 


10 


either < 
all = 


12 
14 
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The interchanges of letters by which this table is made to give the conditions 
for the different species of intersections with planes through either edge of the 
tetrahedron of reference are evident. 

There are the following eight absolute classes of quadric surfaces (surfaces 
of the second order given by real equations in point-coordinates) : 

imaginary true quadrics, 

convex quadrics (real true quadrics with imaginary generators), 

real quadric scrolls (with real generators), 

imaginary quadric cones (with real vertices), 

real quadric cones, 

pairs of imaginary planes (with real double edges) , 

pairs of distinct real planes, 

pairs of coincident real planes. 

For an imaginary true quadric the intersections are of the species 1 for each 
edge of the tetrahedron, and the necessary and sufficient conditions for this class 
of quadrics may be written 

(abcd)>0, (ab)>0, a(abc)>0. 

A convex quadric may be cut by either edge of the tetrahedron in distinct 
real points, in coincident real points (case of tangencj'), or in imaginary points; 
the intersections by a plane rotating about the edge are of the species 3 , 5 or 8 , 
which concur only if (abcd)<^0, 

which is therefore the condition for this class. 

A real quadric scroll may be cut by either edge in distinct real points, in 
coincident real points (case of tangency), or in imaginary points, or it may 
contain the edge as generator ; the intersections by the rotating plane may be 
of the species 7 , 4 , 3 or 11, which concur only if (abed) > , but the other 
conditions for 1 must not all be satisfied, i. e. the conditions for this class are 
(abed) > , and either (ab) < or a (abc) < . 

An imaginary quadric cone may be cut by either edge of the tetrahedron 
in imaginary points or in coincident real points (the edge passing through the 
vertex of the cone), but not more than three edges can have the latter position ; 
the intersections by the revolving plane are of the species 2 or 9; and, 
conversely, if the intersections are of the species 2 for either edge, the quadric 
is evidently an imaginary cone. The conditions are therefore 

(abed) = 0, and either a(a&c)>0 and (a&)>0, or a(aM)>0 and (a6)>0, 
or c(acd)^>0 and (cd)^>0, or c(bcd)>0 and (cd)>0. 
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A real cone is met by any edge of the tetrahedron in imaginary points, in 
distinct real points, or in coincident real points so that the edge is tangent to the 
cone or passes through the vertex, or the cone contains the edge as a generator ; 
the intersections with the revolving plane are of the species 5, 4, 6, 13, 11 or 
12, namely, of the species 12 for at most three edges meeting in one point. Now 
by a real linear transformation which does not alter the value of A, any tangent 
to the cone can be made an edge of the tetrahedron of reference, hence A = 0. 
Then the conditions are evidently 

(abcd) = 0, either (a&)<0, or a(abc)<0 and a(abd) = 0, 
and either (cd) = 0, or c(ace?)<0, and c(bcd)<0. 

A pair of imaginary planes is met by any edge of the tetrahedron in two 
imaginary points, or in two coincident real points, or the edge lies entirely in 
the quadric (is the double line of the pair of planes), but only one edge can 
have the latter position ; the intersections with the revolving plane are of the 
species 9, 10 or 14, namely, of the species 9 for at least one edge, and of the 
species 14 for at most one edge. The conditions are therefore 

(abed) = , (bed) = (acd) =■ (abd) = (abc) = , and either (ab) > 
or («c)>0 or (ad)>0 or (be) >0 or (bd)>0 or (cd)>0. 

A pair of distinct real planes is met by any edge of the tetrahedron in two 
distinct real points, or in two coincident real points, or the edge lies in one or 
both of the planes of the pair, and at least one edge must have the first position 
and at most one edge can have the last position (coincident with the double line 
of the pair of planes) ; the intersections with the revolving plane are of the 
species 11, 12 or 14, namely, of the species 11 for at least one edge, and of the 
species 14 for at most one edge. By a real linear transformation which does not 
alter the value of A, the double line of the pair of planes can be made an edge 
of the tetrahedron, hence A = 0. The conditions are then 

(abed) = , (bed) = (acd) = (abd) = (abc) = , and either (ab) < 
or (ac)<0 or (ad)<0 or (6c)<0 or (bd)<0 or (<%?)< 0. 

A pair of coincident real planes is met by any edge of the tetrahedron in 
two coincident real points; the intersections with the revolving plane are of the 
species 14 for every edge. The conditions are therefore 

(abed) = , (bed) = (acd) = (abd) = (abc) = , 
(ab) = (ac) = (ad) = (be) = (bd) = (cd) = . 

The conditions here given for the different classes are mutually exclusive 
and therefore not only necessary but sufficient. They can be put into a somewhat 
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simpler form. Any succession of principal minors of A (including A itself) of 
which each is a principal first minor of the preceding may be called a sequence 
of principal minors of A, and the minors themselves may be denoted by (4), (3), 
(2), (1) respectively, the number enclosed in parentheses denoting the order 
of the determinant constituting the minor ; thus there is a sequence in which 
(4)= (abed), (S) = (abd), (2) = (bd), (l) = b; (4) is always (abed), and every (1) 
is a principal constituent of (abed) . The conditions for the different classes are 
then the following : 
if (4)>0 and there is a sequence in which (1)(3)>0 and (2)>0, C is an 

imaginary true quadric ; 
if (4)>0 and there is no sequence in which (1)(3)>0 and (2)>0, Z7 is a 

quadric scroll ; 
if (4)< , U is a convex quadric ; 
if (4)=0 and there is a sequence in which (1)(3)>0 and (2)>0, U is an 

imaginary cone ; 
if (4) = and there is a sequence in which either (1) (3)<0 or (2)<0, but not 

(3) = , U is a real cone ; 
if (4) = and in every sequence (3) = 0, and in at least one sequence (2)>0, 

Z7" is a pair of imaginary planes ; 
if (4)= and in every sequence (3) = 0, and in at least one sequence (2)<0, 

U is a pair of distinct real planes ; 
if (4) = and in every sequence (3) = and (2) = 0, U is a pair of coincident 

real planes. 

(to be continued.) 



